We establish the relation between the exact energy of a two particle state in an asymmetric rectangular box with the elastic scattering phase shift of the two particle in the continuum. In particular, we obtain a formula which relates the elastic scattering length with the energy shift of the two particle in an asymmetric box. This can be viewed as a generalization of the corresponding formula in a cubic box obtained by Lüscher before. Possible applications of this formula is also discussed.
Introduction
In a series of papers, Lüscher obtained a result [1, 2, 3, 4] which relates the energy of a two (massive) particle state in a cubic box (a torus) with the elastic scattering phase shift of the two particle in the continuum. This formula, now known as Lüscher's formula, has been tested in a number of applications, e.g. linear sigma model in the broken phase [5] , and also in quenched QCD [6, 7, 8, 9, 10, 11, 12, 13] . Due to limited numerical computational power, the scattering length, which is related to the scattering phase shift when the relative three momentum of the two particles vanishes, is mostly studied in hadron scattering using quenched approximation. CP-PACS collaboration calculated the scattering phase in pion-pion s-wave scattering in the I = 2 channel [12] using quenched Wilson fermions and recently in two flavor full QCD [14] .
Typically, if one would like to probe for physical information concerning twoparticle states with non-zero relative three momentum, large volumes have to be utilized which usually results in enormous amount of computer time. One of the reasons for this is the following. In a cubic box, the three momenta of particles are quantized according to: k = (2π/L)(n 1 , n 2 , n 3 ). In order to make the non-zero momentum modes not generating outrageous lattice artifacts, one need to have large values of L. Another disadvantage of the cubic box is that the lowest non-zero momentum is degenerate. This means that the second lowest energy level with non-vanishing momentum corresponds to n = (1, 1, 0). If one would like to measure these states on the lattice, even larger values of L should be used. One way to remedy this is to use a three dimensional box whose shape is not cubic. If we have a general rectangular box of size L × (η 1 L) × (η 2 L) with η 1 and η 2 other than unity, we would have three different low momenta corresponding to n = (1, 0, 0), (0, 1, 0) and (0, 0, 1), respectively. This scenario is useful since it offers more available low momentum modes for a given lattice size, which is important in the study of hadron-hadron scattering phase shift. Similar situation also happens in the recent study of K to ππ matrix element (see Ref. [15] for a review and references therein). There, one also needs to study two particle states with non-vanishing relative three-momentum. Again, a cubic box would yield too few available low-lying non-vanishing momenta and large value of L is needed to reach the physical interesting kinematic region. In these cases, one could also try an asymmetric rectangular lattice with only one side being large while the other sides moderate. In an asymmetric rectangular box, the original formula due to Lüscher, which gives the relation between the energy shift in the finite box and the continuum scattering phase, has to be modified accordingly. The purpose of the letter is derive the equivalent of Lüscher's formula in the case of a general rectangular (not necessarily cubic) box.
Lüscher's formula in an asymmetric rectangular box
The relation between the energy states in a finite volume and the scattering phase has also been studied by DeWitt [16] long time ago, using formal scattering theory. Here, we will follow his method which can be easily generalized to the case of asymmetric rectangular box.
Suppose the Hamiltonian of the theory being considered can be formally written as: H = H 0 + H 1 , where H 0 is the Hamiltonian of the free theory while H 1 designates the interaction. We label the eigenstates of H 0 by |α :
where α stands for all the relevant quantum numbers of the state. The selfenergy operator Σ(z) of the theory whose matrix element between two arbitrary states satisfies:
where G(z) = (z − H) −1 is the resolvent operator of the full Hamiltonian. It is easily shown that the self-energy operator satisfies an integral equation of the form:
Using self-energy operator, one finds that the energy level shift ∆E α , which is the difference between the exact energy of a particular state with its unperturbed value, satisfies the following equation:
In a large volume, Eq. (3) can be transformed into a form that involves the scattering phase shift in the continuum. To see this, we recall that the summation over intermediate states γ can be divided into two parts according to their energy E γ as follows. Given a real value of z, we single out a small interval around z: (z − ǫ, z + ǫ). Here ǫ is a small positive real number. The summation over those states whose energy E γ ∈ (z − ǫ, z + ǫ) approaches the principle valued integral when ǫ is small enough. The states whose energy fall into the small interval 2 can be represented by a δ-function times a smooth varying function Φ(z). So we may write:
The concrete form of the function Φ(z) depends on the shape of the box. We will be focusing on the case of s-wave scattering in a rectangular box. Then the function maybe expressed as:
where dE 1,2 (z) is the typical spacing between the energy levels of the two particle states in the rectangular box around the value z. Using the fact that phase shift is given by: [16] α|
and also the relation (4), we arrive at the following formula for the phase shift:
where z stands for the exact energy eigenvalue of H.
For the case of two particle states in a scattering process, we have:
where k stands for the relative momentum of the two particle in the center of mass reference frame; m 1 and m 2 are the rest mass values of the two particles involved in the scattering process. Since the states are uniformly distributed in k space, we have in s-wave scattering:
The typical level spacing of the two particle states, namely dE 1,2 , is related to dk via:
we therefore obtain the typical level spacing of the two particle states in a large volume V ≡ η 1 η 2 L 3 :
If we define another variable p 2 via:
we then have:
We substitute this into the definition of the function Φ(z), noticing that the summation in Eq. (6) only involves a small neighborhood in energy values around z and hence all the slow varying functions of the energy can assume their values at p 2 , which is also indicated by the δ-function. If we further define:
we thus obtain the formula for the phase shift in s-wave elastic scattering:
The modified zeta function Z 00 (s, q 2 ; η 1 , η 2 ) and the subtracted zeta function Z 00 (s, q 2 ; η 1 , η 2 ) are defined via:
Z 00 (s, q 2 ; η 1 , η 2 ) =
where n = (n 1 , n 2 , n 3 ) stands for three-dimensional integers and the notation n 2 is given by:
Obviously, if η 1 = η 2 = 1, we have a cubic box and the formulae above reduce to those obtained by Lüscher. [3] .
The modified zeta function in the right-hand side of Eq. (13) is formally divergent and needs to be analytically continued. Following similar discussions as in Ref. [3] , one arrives at a finite expression for the modified zeta function:
where the notationñ 2 stands for:
Using this expression, accurate values for the modified zeta function can be obtained using conventional numerical methods.
For large enough L, a large L expansion of the formula can be deduced. If we restrict our attention to the situation of scattering length, then the s-wave scattering length is related to the energy difference in the rectangular box via:
is the reduced mass of the two particles and c 1 (η 1 , η 2 ) and c 2 (η 1 , η 2 ) are functions of η 1 and η 2 . They are related to the subtracted zeta functions as:
(20) Table 1 Numerical values for the subtracted zeta functions and the coefficients c 1 (η 1 , η 2 ) and c 2 (η 1 , η 2 ) under some typical topology. The three-dimensional rectangular box has a size L 1 = L, L 2 = η 1 L and L 3 = η 2 L. In Table 1 , we have listed numerical values for the coefficients c 1 (η 1 , η 2 ) and c 2 (η 1 , η 2 ) under some typical topology. In the first column of the table, we tabulated the ratio for the three sides of the rectangular box: L 1 : L 2 : L 3 , where L 1 ≡ L; L 2 ≡ η 1 L and L 3 ≡ η 2 L. Note that for η 1 = η 2 = 1, these two functions reduce to the old numerical values for the cubic box which had been used in earlier scattering length calculations.
Conclusions
In this letter, we derive a formula which relates the exact energy values of a two particle state in a general rectangular box with the corresponding scattering phase shift in the continuum. This can be viewed as a generalization of the well-known Lüscher's formula in the case of asymmetric rectangular box. This topology might be useful in practice since it provides more available low-lying momentum modes in a finite box, which will be advantageous in the study of scattering phase shift in hadron-hadron scattering and possibly also in other applications. Numerical studies using these asymmetric rectangular lattices are under investigation.
